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We present a 3+1 formulation of the effective field theory framework called the Standard-Model
Extension in the gravitational sector. The explicit local Lorentz and diffeomorphism symmetry
breaking assumption is adopted and we perform a Dirac-Hamiltonian analysis. We show that the
structure of the dynamics presents significant differences from General Relativity and other modified
gravity models. We explore Hamilton’s equations for some special choices of the coefficients. Our
main application is cosmology and we present the modified Friedmann equations for this case. The
results show some intriguing modifications to standard cosmology. In addition, we compare our
results to existing frameworks and models and we comment on the potential impact to other areas
of gravitational theory and phenomenology.
I. INTRODUCTION
It is generally expected that General Relativity (GR)
and the Standard Model (SM) of particle physics are
not the ultimate descriptions of Nature, but rather low-
energy effective field theories which accurately describe
physics at energy scales available to us. This point of
view is motivated by the expectation that there exists
a single unified theory encompassing all the known fun-
damental interactions. This implies the existence of a
renormalizable quantum theory of gravity which has GR
as its low-energy limit. GR, being an effective field the-
ory, is then expected to hold up to some ultraviolet (UV)
cutoff scale, normally taken to be the Planck energy,
EPl ≈ 1019GeV . Any theory attempting to bridge GR
and SM should, on dimensional grounds, contain all the
characteristic constants of the constituent theories. As
EPl represents the UV cutoff scale of GR, new physics
should appear close to this energy, and a promising av-
enue to find new physics is to search for deviations from
fundamental principles of GR.
Local Lorentz invariance is one of the fundamental
symmetries of relativity as well as particle physics; stat-
ing that any local experiment is independent of both ori-
entation and velocity of both the experiment and ob-
server, and it is a key ingredient of GR. As such, preci-
sion tests of local Lorentz symmetry are an excellent way
to test for new physics [1, 2].
The Standard-Model Extension (SME) is a general ef-
fective field theory framework for testing Lorentz and
CPT symmetries [3, 4]. It has become a standard frame-
work for constraining Lorentz violation in a systematic
way (for a list of all current measurements, see Ref. [5]).
The SME contains GR and the Standard Model of par-
ticle physics, as well as generic Lorentz-violating terms
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up to arbitrary order. The terms are constructed by con-
tracting operators built from known fields with coeffi-
cients for Lorentz violation, the latter of which control
the degree of symmetry breaking and can be constrained
by experiments.
In principle the SME contains an arbitrary number of
terms, but is frequently truncated at low order in mass
dimension of the field operators used. A much-studied
truncation is called the minimal SME and contains op-
erators of mass dimension 3 or 4.
Whereas many limits have to-date been set in the mat-
ter sector of the SME, gravitational-sector coefficients
have also been constrained. These include test with
short-range gravity tests [6], gravimeters [7], solar-system
tests [8, 9], pulsars [10], gravitational waves [11], and oth-
ers [12].
Much of the theoretical phenomenology that experi-
ments and observations have used is based on weak-field
gravity analysis [13–17]. So-called “exact” results beyond
this regime in the SME gravity sector have just begun to
be explored [18–23]. The aim of this work is in part
to extend results to situations where weak gravitational
fields cannot be assumed, for example in cosmology. Fur-
thermore, we begin a study of the 3+1 formulation of
this framework, which allows for a Dirac-Hamiltonian
analysis [24]. Note that this type of analysis has been
performed for vector and tensor models of spontaneous
Lorentz violation [25–28] and other related models [29],
but as of yet, has not been attempted for the SME and we
seek to fill this gap in this work. Primarily we shall adopt
the explicit symmetry breaking scenario, though some of
our results can be extended to spontaneous symmetry
breaking. Ultimately, we aim to push the application
of the SME framework in a new direction in order to ex-
plore more broadly the consequences of Lorentz violation
in gravity.
The SME as a framework for testing Lorentz symmetry
naturally contains specific models of Lorentz violation as
subsets. Much work in the literature has involved the
study of such models, particularly in the gravity con-
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2text [30–36]. The connection between the coefficients for
Lorentz violation in the SME and proposed models in the
literature has been established for some quantum gravity
approaches [38, 39], massive gravity models [37], non-
commutative geometry [40] as well as vector and tensor
models of spontaneous Lorentz symmetry breaking. In
this paper, we use our results to match to yet another
model which involved explicit Lorentz breaking.
The paper is organized as follows: in Section II we give
an overview of the key features of the SME. The details of
the 3+1 decomposition are presented in Section III, start-
ing with a geometric overview followed by the discussion
of the SME action terms. In Section IV we perform a
Hamiltonian analysis, starting with general features and
we then focus on two special cases. As an application
of the results, we study cosmological solutions in Section
V. We connect our results to existing frameworks and
models in Section VI. Finally we discuss our results and
conclusions in Section VII, along with remarks on future
work.
Notational conventions in this paper match prior work
as much as possible [4, 13]. Greek letters are used for
spacetime indices and latin letters i, j, k, ... for spatial
indices. For local Lorentz frame (vierbein) indices we
use the latin letters a, b, c... when needed. The metric
gµν signature matches the standard GR choice (−+ ++)
and we use units where ~ = c = 1. One important no-
tational difference in this work is that we use here ∇µ
for the spacetime covariant derivative, reserving Dµ for
covariant derivatives defined on constant-time spatial hy-
persurfaces.
II. BASIC FRAMEWORK
In Riemann spacetimes, the lowest order terms in the
GR + SME gravitational Lagrange density can be writ-
ten as
LSME =
√−g
2κ
(R− 2Λ + (kR)αβγδRαβγδ) + L′ (1)
where Rαβγδ is the Riemann curvature tensor, Λ is the
cosmological constant, and (kR)αβγδ are the SME coeffi-
cient fields [4]. A generic Lagrangian L′ appears in the
case when the coefficients arise dynamically, as in spon-
taneous Lorentz-symmetry breaking. The coefficients
(kR)αβγδ can be written as a scalar u, two tensor sµν ,
and four tensor tαβγδ through a Ricci decomposition. So
we can write
(kR)αβγδR
αβγδ = −uR+ sµν
(
R(T )
)µν
+ tαβγδW
αβγδ,
(2)
where
(
R(T )
)µν
is the trace-free Ricci tensor, and Wαβγδ
is the Weyl curvature tensor. The coefficients u and sµν
can be moved to the matter sector by field re-definitions
at first order in these coefficients [18], so it is impor-
tant to consider also the matter sector when calculating
physically measureable results. In this work we choose
our conventions such that these coefficients reside in the
gravity sector.
The action obtained from integrating (1) over
∫
d4x
has several features that play a key role in the analysis
to follow. The relevant symmetries in spacetime are the
four-dimensional diffeomorphism symmetry group and
local Lorentz transformations. Firstly, the action is in-
variant under general coordinate transformations, i.e.,
it is observer diffeomorphism invariant. This means
specifically that the curvature tensors and the coeffi-
cients (kR)αβγδ transform under observer transforma-
tions (change of coordinates) as tensors; however, for
particle diffeomorphisms the curvature, metric and other
fields transform as tensors but the coefficients (kR)αβγδ
remain fixed. Therefore, the action associated with (1)
breaks particle diffeomorphisms.
In the standard vierbein formalism where the metric
is reduced to Minkowski form ηab at each point with a
set of four vectors eµa via ηab = e
µ
ae
ν
bgµν , similar con-
siderations apply for local Lorentz transformations Λab.
Therefore, we distinguish observer local Lorentz trans-
formations, under which local tensors Rabcd transform
as well as the coefficients (kR)abcd. In contrast, under
particle local Lorentz transformations, the coefficients re-
main fixed, therefore the action also breaks local Lorentz
transformations. Note that the details of these transfor-
mations can involve the notion of a background vierbein,
and so care is required, as discussed in Ref. [37].
The action formed with (1) can be interpreted as ex-
plicit symmetry breaking, where the coefficients are non-
dynamical, or through spontaneous Lorentz symmetry
breaking. In the latter case, the underlying model retains
the particle local Lorentz and diffeomorphism symme-
tries because the coefficients are dynamical fields. There
must then be a dynamical mechanism, such as a potential
function of the fields, that triggers a vacuum expectation
value 〈(kR)abcd〉 of the fields [30]. Upon specifying the
vacuum one can still obtain an effective model of the form
(1). Indeed, this has been demonstrated for a variety of
models with vector and tensor couplings to curvature.
These results have been discussed extensively elsewhere
in the literature, particularly for spontaneous symmetry
breaking [33, 34].
For either Lorentz and diffeomorphism symmetry
breaking scenario, there are conservation equations which
hold based on the action formed from (1). The field equa-
tions for the metric gµν obtained from the action take the
form
Gµν = (Tust)
µν + κ(TM )
µν , (3)
where the explicit form of (Tust)
µν can be found in Ref.
[4], and (TM )
µν is the energy-momentum tensor obtained
from the matter sector. As a consequence of the traced
Bianchi identities ∇µGµν = 0, four conservation laws
which must hold are given by
∇µ(Tust)µν = −κ∇µ(TM )µν . (4)
3That these conservation laws hold will be a key point
in this work. There are also 6 conservation laws asso-
ciated with local Lorentz symmetry breaking, which we
do not display here for brevity. In generality, the recent
works of Bluhm and collaborators clarify the differences
between explicit and spontaneous local Lorentz and dif-
feomorphism symmetry breaking [37, 41], and the intri-
cacies of the conservation laws. Alternatives to explicit
and spontaneous breaking also exist, such as Riemann-
Finsler geometry, which has recently garnered attention
as an additional avenue of pursuit in Lorentz violation
theory and phenomenology [42].
III. 3+1 VARIABLES AND DECOMPOSITION
A. 3+1 Basics
We start with a 4-dimensional manifoldM with associ-
ated metric gµν . Following standard methods [43–46], we
decompose M into constant-time spatial hypersurfaces
Σt with associated timelike normal vector n
µ (normalized
to nµn
µ = −1). In a commonly used coordinate repre-
sentation the components are nµ = (−α, 0, 0, 0), where α
is the Arnowitt-Deser-Misner (ADM) lapse function. Re-
ferring to Figure 1, βj is the shift vector and the spatial
metric projection operator γµν is given by
γµν = gµν + nµnν . (5)
Using nµ and the projection operator γµν , the four di-
mensional curvature Rαβγδ is decomposed into a three
dimensional spatial curvature Rαβγδ and extrinsic cur-
vature Kµν . The extrinsic curvature is defined in terms
of the Lie derivative along nµ as
Kµν = −1
2
Lnγµν . (6)
FIG. 1. The ADM variables connecting spatial hypersurfaces
Σ at constant time t and t + dt. The time-evolution vector
field tµ is decomposed into the lapse function α and the shift
vector βi.
A spatial covariant derivative Dµ is obtained from γ-
projection of the covariant derivative of a tensor. For a
tensor with mixed indices Tµν , for example, it is given by
DµTαβ = γδµγαγζβ∇δT ζ . (7)
It will be useful also to use the “acceleration” aµ =
nν∇νnµ, which is orthogonal to nµ. The three-
dimensional curvature Rαβγδ is defined by the commu-
tator of the spatial covariant derivatives as
[Dα,Dβ ] vδ = −Rδαβv, (8)
and satisfies Rδαβn = 0, where v is assumed spatial
(nv = 0). Some more key results in the 3+1 decompo-
sition are included in the Appendix VIII A.
When necessary we will refer specifically to the space-
time metric in standard ADM form expressed as a line
element,
ds2 = −(α2 − βjβj)dt2 + 2βjdtdxj + γijdxidxj . (9)
This form makes plain that the principle variables for
gravity are the 10 degrees of freedom α, βj , and γij .
B. GR and the SME action
1. GR Action
Of principle importance in what follows is that in the
SME action, spacetime covariant derivatives occur which
act on the coefficients for Lorentz violation, and do not
generally vanish. To see this, we decompose the La-
grangian (1) using the 3+1 curvature projections in the
Appendix (92). For reference, we examine first the GR
Lagrange density which is
LGR =
√−g
2κ
[R+KαβKαβ−K2−2∇α(nαK+aα)]. (10)
Note here that the last terms form a three-dimensional
surface term in the action that normally does not affect
the dynamical field equations, and thus they are usually
dropped.1 What is left contains the extrinsic curvature
Kαβ , which can be seen from (6) to have time derivatives
of γµν via the Lie derivative along n
µ. Specifically, if
one evaluates the Lie derivative in (6) one obtains the
standard result
Kij = − 1
2α
(∂tγij −Diβj −Djβi), (11)
and the other components K0µ contain no new time
derivatives other than those in (11). The spatial cur-
vature term in (10) contains no such time derivatives,
1 See Ref. [46] for details on surface terms.
4depending only on the curvature in each spatial hyper-
surface.
The presence of the time derivatives determine the dy-
namical variables used for a Hamiltonian formulation; in
GR, only time derivatives of γij occur, and thus these
six components are the only dynamical degrees of free-
dom in the Hamiltonian formulation.2 The other metric
degrees of freedom α and βj are nondynamical, corre-
sponding to the 4 gauge degrees of freedom in diffeomor-
phism symmetry. This leads to the 4 primary constraints
in a Hamiltonian analysis of GR. Note also that, while
it does not occur in (11), the acceleration aµ has only
spatial derivatives, as it can be shown that aj = ∂j lnα
and a0 = β
jaj .
2. SME action and global background coefficients
We next examine the contribution of the (kR)αβγδ co-
efficients in the SME action. Using the general curvature
expression in the Appendix (92) this term can be manip-
ulated into the form
LkR =
√−g
2κ
{
(kR)αβγδ
[
Rαβγδ − 6KαγKβδ
+ 4nαnγ(KβKδ −KβδK) + 4aβnγKαδ
]
− 4
(
nαnγ(nKβδ + γδaβ)
− 2nαγγKβδ
)
∇(kR)αβγδ
}
. (12)
We can see that a term with the covariant derivative
of the coefficients occurs while the remaining terms are
are expressible in terms of the extrinsic curvature Kij
or the acceleration aµ. In general spacetimes this term
∇(kR)αβγδ cannot be made to vanish [4]. Since we are
interested in the dynamical content of the framework we
can use the 3+1 decomposition to interpret such terms.
Consider first the simpler case of the covariant deriva-
tive of a covariant vector bµ. Using projection and the
definition (7), as well as properties of the Lie derivative
along nµ, we can write this in terms of the spatial co-
variant derivative, the Lie derivative, and the extrinsic
curvature, as
∇µbν = Dµbν − nνDµ(nλbλ)− 2n(µK λν) bλ
−nµnν(aλbλ) + nµnνLn(nλbλ)− nµγβνLnbβ .
(13)
It can be checked using (94) that the spatial covariant
derivative of bν will only contain spatial partial deriva-
tives ∂j of components of bν , the functions α, β
j , the
2 Note that we adopt the first order derivative form for the action
as much as possible, particularly for time derivatives. Otherwise,
the Hamiltonian formalism gets modified to accommodate higher
derivatives [47]. This would also occur for models with higher
than second derivatives present.
extrinsic curvature Kij or the three-dimensional connec-
tion coefficients (3)Γijk, the latter of which contain only
spatial derivatives of γij . Thus Dµ acting in (13) cannot
introduce any time derivatives of the metric functions α
and βj . From a geometrical perspective, this is because
the Dµ derivative describes changes in the 3 dimensional
hypersurface Σt.
Since the acceleration aµ depends on spatial derivatives
of α, we are left with the final two terms in (13) as places
where time derivatives of α and βj might reside. The
projection of nλbλ can be written as
nλbλ =
1
α
(b0 − βjbj), (14)
while its Lie derivative is
Ln(nλbλ) = − α˙(n
λbλ) + biβ˙i
α2
+
1
α
nµb˙µ − 1
α
βjDj(nλbλ).
(15)
Note the appearance of α˙ = ∂tα and β˙j = ∂tβ
j for the
lapse and shift functions. This implies that in the Hamil-
tonian analysis we will generally not obtain the usual four
primary momentum constraints as in GR. The final Lie
derivative term in (13) is proportional to γiνLnbi, which
can be shown not to contain time derivatives of the grav-
itational variables α, βj , and γij .
One might immediately suspect that the appearance
of α˙ and β˙j is merely a coordinate artifact and can be
removed by general coordinate transformations. Indeed,
the SME maintains general coordinate invariance of the
action. Under a general coordinate transformation, bµ
transforms as a covariant vector:
b′µ =
∂xν
∂x′µ
bν , (16)
with other quantities transforming as usual. However,
the quantity nµbµ occurring in (15) is a scalar and is
the projection of the hypersurface normal nµ along the
fixed, a priori unknown, background bµ. The appear-
ance of α and βj in (14), in a certain sense, describes the
unknown orientation of the background and the orienta-
tion of the hypersurface geometry, the latter being tied
to the source of the gravitational fields. If an alternate
coordinate system xµ′ is chosen so that nµ′bµ′ = b0′ and
we then suppose that in the new coordinate system bµ′
is now the fixed background that is independent of the
gravitational fields, we have effectively made a different
choice of background, and because of the explicit break-
ing of diffeomorphism symmetry, we have chosen a differ-
ent model.3 We return to this point later below when we
consider alternative ways of specifying the background
fields.
The vector example can be extended to general ten-
sors; since our focus is on the SME gravity action, in the
3 This choice corresponds to Gaussian normal coordinates [45].
5minimal case, it is possible to manipulate the Lagrange
density into a form where time derivatives dependencies
are more transparent just like (13). In fact, we can write
(12) as
LkR =
√−g
2κ
{
(kR)αβγδ
[
Rαβγδ + 2KαγKβδ
−12nαnγKβKδ + 4nαnγKβδK + 8Kαγnβaδ
]
+ 8KζDλ
(
(kR)αβγδγ
α
γ
βλγγζn
δ
)
− 4aDζ
(
(kR)αβγδγ
αζγγn
βnδ
)
− 4KζLn
(
(kR)αβγδγ
α
γ
γ
ζn
βnδ
)}
. (17)
Any nonstandard time derivative terms will be contained
in the last Lie derivative term. The appearance of α˙ and
β˙j terms can be verified by working out the Lie derivative
term explicitly. We find the relevant piece to be
LkR ⊃
4
√−g
κα2
Kijnδ
(
(kR)iβjδn
βα˙+ (kR)iljδβ˙l
)
, (18)
Like in equation (15) we obtain a combination of α˙ and
β˙j terms, and we thus expect this to hold for general
tensors in the SME [15].
This rather interesting result, the occurance of α˙ and
β˙j , is in contrast with GR and many modified mod-
els of gravity. It is somewhat unsurprising in that we
are considering the SME framework interpreted in the
context of explicit diffeomorphism symmetry breaking,
which breaks the gauge symmetry of GR. Other mod-
els, such as massive gravity, which also have explicit dif-
feomorphism breaking, modify mass-type terms with no
derivatives in them. They generally do not modify the
kinetic structure of the theory and thus do not introduce
such terms. As another example, for models with curva-
ture contractions in the Lagrangian like RαβR
αβ , even
though they have higher than second derivatives of the
metric, the lapse and shift functions remain gauge [50].
More varied results exist for other models with higher
than second derivatives [51].
In the case of spontaneous symmetry breaking, where
for example bµ → Bµ is dynamical, there are separate
field equations for Bµ which must also be considered.
The net effect in this case, since the underlying diffeo-
morphism symmetry remains, is that α˙ and β˙j can be
eliminated by a particle diffeomorphism. Or alterna-
tively, one can see that the dynamics of α and βj become
linked to the field Bµ, as the time derivatives always oc-
cur in the combination in (15), and they thus do not
represent independent degrees of freedom. This point
about the spontaneous-breaking case parallels the rea-
soning behind the observation that any diffeomorphism
Nambu-Goldstone modes Ξµ vanish from terms in the
action like ∇µBν [33, 34].
3. Local background coefficients
In the explicit breaking case considered above, the co-
efficients kαβγδ with spacetime indices are considered as
the fixed background fields independent of the gravita-
tional variables. There are alternative choices that could
change the results. For instance, using the vierbein for-
malism it may be more natural to treat the coefficients in
a different way. From the basic definition of the vierbein,
we can find its 3+1 components from the metric (9). The
components e aµ are given by
e 0¯t = α,
e 0¯j = 0,
e j¯t = e
j¯
i β
i,
γij = e
j¯
i ejj¯ , (19)
where we use t and i, j, ... for time and space indices while
for the local frame we use a bar over the index. The last
equation merely defines the spatial piece of the vierbein
e j¯i , since we have not specified the spatial metric. The
explicit decomposition can be performed once a spatial
metric is chosen. The veirbein in (19) is not unique;
one may apply a local Lorentz transformation Λab(x) and
generally mix components.
Returning to the vector example above, when using the
vierbein it is natural to consider the local covariant vec-
tor field ba as the fundamental background object which
breaks the spacetime symmetries [4, 49]. For instance,
using the veirbein and the vector nµ the projection which
occurs in equation (15) can be written
bµn
µ = b0¯. (20)
In this case the Lie derivative term in (15) yields
Ln(nλbλ) = ∂tb0¯
α
− 1
α
βj∂j(b0¯). (21)
Now we can see that no time derivatives of α and βj
occur, provided that ba is the independent background.
4 It should be noted that this choice does not make use
of a background vierbein, as discussed in Ref. [37], and
may result in more severe constraints on explicit breaking
models via the conservation laws.
How does all of this play into the dynamical and prop-
agation structure that is known from weak-field studies
of the SME and models of spacetime symmetry breaking?
To answer this we also perform a comparison with what is
known about the weak field quadratic limit [17], including
generic gauge-violating terms in Section VI A. Ultimately
in this work, we look at cases of explicit breaking with
both choices of the background coefficients correspond-
ing to the “global” background in (14) and the “local”
background (20).
4 An alternate way to arrive at equation (20) is to define n · b =
bµnµ = b⊥ as the time component [52].
6IV. HAMILTONIAN ANALYSIS
A. Generalities
Working with lagrange density in the form of Eq. (17),
we carry out a Riemann decomposition of (kR)αβγδ into
u, sµν , and tκλµν . The Lagrange density for tκλµν will
take the same form as (17) with the replacement of
(kR)αβγδ → tαβγδ. For u and sµν we obtain
Lu =
√−g
2κ
[u
(R+KαβKαβ −K2)+ 2(KLnu+ aµDµu)]
Ls =
√−g
2κ
[sµνRµν − nαnβsαβ(KµνKµν −K2)
+ 2sαβK
αδKβδ +K
µνLnsµν −KLn(nµnνsµν)
+ 2K
(
sµνn
µaν +Dλ(sµνnµγνλ)
)
− 2KλκDλ(sµνnµγνκ)
+ aκDλ(sµνγµλγνκ)− aλDλ(sµνnµnν)]. (22)
Note that one can also consider other possibilities like
substituting u→ gµνsµν .
In the Hamiltonian analysis, one first finds the canon-
ical momentum densities using L =
∫
d3xL via the stan-
dard variational definition
Πn =
δL
δφ˙n
. (23)
In the present case the φn correspond to α, β
i, and γij .
To describe the results for the SME actions we show the
canonical momenta for the u, sµν , and tαβγδ terms.
For Πα = δL/δα˙ and (Πβ)i = δL/δβ˙
i we obtain
Πα =
√
γ
κα
nµnν
(
Ksµν + 4K
ijtiµjν
)
, (24)
Πβ,i =
√
γ
κα
nµ
(
Ksµi + 4K
jktjikµ
)
. (25)
Note that no nonzero terms appear here for the case
of u; however, if one chooses u to be composite, such
as u = sµµ, a different result ensues. For the sµν and
tκλµν coefficients the expressions for Π
ij
γ = δL/δγ˙ij are
lengthy and omitted here. These expressions contain
terms which generally mix the components of Πij and
γ˙ij in an anisotropic manner; for instance,
Πijγ ⊃
√
γ
2κ
(
Kγij −Kij − slmγliKjm − slmγljKim + ...
)
,
where the first two terms are the GR result and the dis-
played remaining terms show a mixing of the components
of Πijγ and Kij ∼ γ˙ij .
To construct the Hamiltonian density H = Πnφn − L,
one needs to express the φ˙n in terms of the momenta Πn.
Since obtaining the general expression for γ˙ij involves a
lengthy process of inversion due to the anisotropic com-
ponents of the coefficients, we endeavour in this work to
begin an investigation by studying special limiting cases
of the underlying action.
B. Case study 1
We consider a special case with one nonzero compo-
nent s00 of sµν in the chosen coordinate system.
5 In this
case, using the specific components of the metric (9) the
Lagrange density simplifies to
L1 =
α
√
γ
2κ
[
R+ α
2 − s00
α2
(
KijKij −K2
)
+K
(
2
α4
s00(α˙− αβiai)− 1
α3
(s˙00 − βi∂is00)
)
+
2
α2
s00a
iai − 1
α2
ai∂is00
]
+ LM . (26)
When constructing the Hamiltonian, the variables of the
system are the α, βµ, and γµν fields along with their
conjugate momentum densities:
Πijγ =
√
γ
2κ
[α2 − s00
α2
(
Kγij −Kij)
+
1
2α
γij(∂t − βk∂k)
(s00
α2
) ]
, (27)
Πβ,i = 0, (28)
Πα =
√
γs00
κα3
K. (29)
From now on we drop the γ label on Πij and abbreviate
its trace as Π = Πijγij .
Examining the momenta, we see that equation (28)
gives three primary constraints. The other equations (27)
and (29) can be inverted to solve for γ˙ij and α˙. Following
standard procedure [52], we first find the base Hamilto-
nian density of the system through a Legendre transfor-
mation on the Lagrange density H0 = piij γ˙ij + piαα˙−L.
For the base Hamiltonian density we find
H0 = 2κα
3
√
γ(α2 − s00)
(
ΠijΠ
ij − 1
3
Π2
)
+
κα5(α2 − s00)
3
√
γs200
Π2α −
2κα4
3
√
γs00
ΠαΠ +
αs˙00
2s00
Πα
−
√
γ
κα
(
s00a
iai − 1
2
ai∂is00
)
− α
√
γ
2κ
R
+βi
(
Πα[αai − α
2s00
∂is00]− 2DjΠji
)
. (30)
To this we add a term involving the primary constraint
contracted with a Lagrange multiplier to obtain the aug-
mented Hamiltonian HA = H0 +ξiΠi. We then check the
consistency condition, or evolution, for this primary con-
straint by taking its Poisson bracket with the augmented
Hamiltonian Π˙i = {Πi, HA}. This yields a secondary
constraint
Π˙i = 2γijDkΠjk −Πα
(
αai − α
2s00
∂is00
)
≈ 0. (31)
5 Note that alternative choices exist such as considering the con-
travariant coefficients as the fixed background; for example,
nµnνsµν = α2s00 for arbitrary sµν .
7Note that the ≈ symbol here refers to an expression that
is “weakly” equal to zero, i.e., when the constraints are
imposed it vanishes [24]. This secondary constraint can
also be observed in the last line of equation (30) multi-
plying the βi.
We continue to check consistency conditions with the
secondary constraint Φi = Π˙i. The full expression for the
evolution of Φi is needed, including the explicit time de-
pendence since there may be additional time dependence
in s00. A lengthy calculation reveals
dΦi
dt
= {Φi, HA}+ ∂Φi
∂t
= Dj(βjΦi) + ΦjDiβj + Ψ∂is00,
(32)
where Ψ is a function of the coordinates and momenta
equal to
Ψ = − κα
3
√
γ(α2 − s00)s00
(
ΠijΠ
ij − 1
3
Π2
)
−κα
5(α2 − s00)
6
√
γs300
Π2α +
κα4
3
√
γs200
ΠαΠ +
α
√
γ
4κs00
R
+
√
γ
4κs00α
D2s00 −
√
γ
2κα2
D2α
−
√
γ
κs00α
aj∂js00 +
3
√
γ
2κα
ajaj . (33)
The implications of (32) are as follows. Examining this
expression the first two terms are proportional to the
original constraint Φi, and so are weakly equal to zero
- providing no new constraints. The last terms would
appear to give new constraints, but this depends on the
properties of the background coefficients sµν . If we in-
sisted that the coefficients and their derivatives remain
arbitrary we would have to take the last terms in (32)
as new constraints and again check the consistency us-
ing Poisson brackets with the Hamiltonian. On the other
hand, if we merely insist that in the chosen coordinate
system ∂is00 = 0 then (32) will be weakly equal to zero
and no new constraints are needed. That a constraint on
s00 has arisen directly from this analysis can be traced
to the fact that (31) is a modification of the usual mo-
mentum constraint of GR. The term ∂is00 represents an
additional kind of “shift” in the momentum conservation
law.
Further insight can be gained by examining the traced
Bianchi identities (4) for the choice of coefficients we have
made. From reference [4] we have
∇µ(Ts)µν =
1
2
Rµλ∇νsµλ −∇µ(Rµλsλν). (34)
By plugging in the Hamiltonian variables defined above,
and examining the case of s00 only, one finds
∇µ(Ts)µj =
κ√
γα
Ψ∂js00, (35)
which contains the same terms as in (32). Therefore,
we see that the Hamiltonian evolution has produced a
constraint that we expect from the field equations.
We will proceed with the assumption that the coeffi-
cients s00 are independent of spatial coordinates:
∂is00 = 0. (36)
Note that this is a coordinate-dependent statement which
may be more properly understood as saying that s00 does
not change within the spatial hypersurface at fixed t.
Hamilton’s equations of motion can now be obtained
in the standard way through the Poisson bracket p˙n =
{pn, H},
where H is the final Hamiltonian with the primary
constraint added. In principle, one adds the secondary
constraint to the Hamiltonian with an additional three
Lagrange multipliers. Since the secondary constraint can
be seen to be already contained in the βj term in the
Hamiltonian (30), it is not strictly necessary to add this
term. This reflects the remaining gauge freedom in this
limit of the framework.
We then find the Hamilton’s equations of motion for
the momentum variables to be
Π˙α = −2κα
2(α2 − 3s00)√
γ(α2 − s00)2
(
ΠijΠij − 1
3
Π2
)
+
8κα3
3
√
γs00
ΠαΠ− κα
4
3
√
γs200
(
7α2 − 5s00
)
Π2α +Dk
(
βkΠα
)
− 1
2s00
Παs˙00 +
s00
√
γ
κα2
(
aiai − 2Diai
)
+
√
γ
2κ
R, (37)
Π˙i = 2γijDkΠjk −Πααai, (38)
Π˙ij = − 4κα
3
√
γ (α2 − s00)
(
ΠikΠ
jk − 1
3
ΠΠij
)
+
κα3√
γ(α2 − s00)γ
ij
(
ΠklΠkl − 1
3
Π2
)
+
κα5(α2 − s00)
6
√
γs200
γijΠ2α
− κα
4
3
√
γs00
Πα(Πγ
ij − 2Πij)− 2Πk(iDkβj) +Dk
(
Πijβk
)− √γ
2κ
(
αRij − 1
2
γijαR−DiDjα+ γijD2α
)
+
√
γs00
κα
(
1
2
γijakak − aiaj
)
, (39)
8and
α˙ = − 2κα
4
3s00
√
γ
[
Π− α(α
2 − s00)
s00
Πα
]
+ αβkak
+
α
2s00
s˙00 (40)
β˙i = ξi (41)
γ˙ij =
4κα3√
γ(α2 − s00)
(
Πij − 1
3
Πγij
)
− 2κα
4
3
√
γs00
Παγij +Diβj +Djβi. (42)
Note that we have implemented the condition (36).
At this point it is useful to remark upon the degrees of
freedom in this special case of the SME.6 We began with
up to 10 degrees of freedom in the variables α, βj , and γij .
With our choice of s00 we have three primary constraints
and three secondary constraints, along with six undeter-
mined Lagrange multipliers. According to the standard
recipe (see for example, equation B11 in Appendix B of
Ref. [52]) one can use the equation
Ndof = Ndof,initial − 12 (#constraints)
− 12 (#undetermined Lagrange multipliers),(43)
to determine the number of degrees of freedom. In the
case above, we have 10 − (1/2)(6) − (1/2)(6) = 4 de-
grees of freedom in our model. In GR, by contrast, there
are 4 primary constraints, 4 secondary constraints, and
in principle 8 undetermined Lagrange multipliers which
leaves 10− (1/2)8− (1/2)8 = 2 degrees of freedom.
Note the striking appearance of the inverse of s00 in
the expressions above. This does not represent a phase
space singularity, but rather a parameter singularity. Its
appearance is tied to the Hamiltonian method, where
one inverts, for example, equation (29), while in contrast
results are generally linear in the parameter s00 in the
standard Euler-Lagrange equations. Nonetheless, we ex-
pect a smooth limit to GR in any observable quantities.
The Hamiltonian and Hamilton’s equations in this spe-
cial example can form the basis for future work in a vari-
ety of areas such as studying the initial value formulation
of the system of equations. This could lead to model-
ing the effects of SME coefficients in strong field gravity
systems, for example using numerical techniques of inte-
gration [48]. In this paper, we content ourselves with a
cosmology application in Section V.
C. Case study 2
In contrast the case considered above, we can make an
alternative choice for the background coefficients. In this
6 Degrees of freedom represent pairs of coordinate and momenta
variables freely specifiable on a hypersurface of fixed t [27].
example we choose sab to be diagonal and isotropic in
the local Lorentz frame
sab =

s0¯0¯ 0 0 0
0 13s 0 0
0 0 13s 0
0 0 0 13s
 , (44)
where the nonzero components s0¯0¯ and s are left as ar-
bitrary functions of the spacetime. Using the vierbein
in (19) we can find the components sµν = e
a
µ e
b
ν sab in
the spacetime coordinates of the metric (9). Simplifying
the action for sµν in (22) we obtain an alternate explicit
breaking Lagrangian:
L2 =
α
√
γ
2κ
[
R (1 + 13s)+ (KijKij −K2) (1− s0¯0¯)
+KLnΩ + ai∂iΩ
]
, (45)
where we use the abbreviation Ω = s/3− s0¯0¯.
In this case the terms involving the time derivatives of
α and βj are absent, and except for the time and space
dependence of the coefficients which we take as arbitrary
for the moment, the Lagrange density resembles that of
GR with scalings of the extrinsic curvature and spatial
curvature terms. The canonical momenta are calculated
to be
Πij =
√
γ
2κ
[ (
Kγij −Kij) (1− s0¯0¯)− 12γijLnΩ],(46)
Πβ,i = 0, (47)
Πα = 0. (48)
Note the appearance of the Lie derivative of the coeffi-
cients directly in the momentum and that we get four
primary constraints for α and βj , as in GR. The base
Hamiltonian density for this case is given by
H0 = 2κα√
γ(1− s0¯0¯)
(
ΠijΠ
ij − 1
2
Π2
)
+ 2ΠijDiβj
−α
√
γ
2κ
(
1 + 13s
)R− 1
2(1− s0¯0¯)
ΠΩ′
− 3
√
γ
16κα(1− s0¯0¯)
(Ω′)2 − α
√
γ
2κ
ai∂iΩ (49)
where for convenience we define Ω′ = (∂0 − βi∂i)Ω.
The evolution of the primary constraints with respect
to the augmented Hamiltonian
HA =
∫
d3x(H0 + vΠα + ξiΠi), (50)
where v and ξj are lagrange multipliers, yields the fol-
9lowing secondary constraints:
{Πα, HA} = − 2κ√
γ(1− s0¯0¯)
(
ΠijΠij − 12Π2
)
+
√
γ
2κ
(1 + 13s)R−
3
√
γ
16κ(1− s0¯0¯)α2
(Ω′)2
−
√
γ
2κ
D2Ω, (51)
{Πi, HA} = 2DjΠji −
Π
2(1− s0¯0¯)
∂iΩ
− 3
√
γ
8κ(1− s0¯0¯)α
Ω′∂iΩ. (52)
These secondary constraints contain the GR secondary
constraints but they differ in the extra terms involving
time and space derivatives of the coefficients in Ω. The
standard procedure is to check the consistency of these
secondary constraints. Due to the presence of the spatial
derivatives in Ω, we expect a result similar to that for the
case 1 model, whereupon we obtain a lengthy function of
the canonical variables multiplied by terms proportional
to ∂iΩ. This is indeed confirmed by calculation, and so
we proceed with the simplifying assumption that ∂iΩ =
0. This assumption has the immediate effect of reducing
the secondary constraints in (52) for Πi to that of the
standard ones for GR, Π˙i = 2DjΠji ≈ 0.
Still allowing for arbitrary time dependence of the
coefficients s0¯0¯ and s, we proceed with the calculation
of the secondary constraint evolution. Denoting Φα =
{Πα, HA}, and Φi = {Πi, HA}, we obtain the following
results for their evolution:
{Φα, HA}+ ∂Φα
∂t
= Di(βiΦα) +
4(1 + 13s)
(1− s0¯0¯)
ΦiDiα+
2(1 + 13s)α
(1− s0¯0¯)
DiΦi + v
3
√
γ
8κα3(1− s0¯0¯)
Ω˙2 +
9
√
γ
64κα2(1− s0¯0¯)2
Ω˙3
+
3
8α(1− s0¯0¯)2
Ω˙2Π− s˙+ s˙0¯0¯
2
√
γ(1− s0¯0¯)2
(
ΠijΠ
ij − 1
2
Π2
)
− 3
√
γ
8κα3(1− s0¯0¯)
Ω˙2βiDiα
−
√
γ
8κ(1− s0¯0¯)
(
(1 + 13s)Ω˙− 43 s˙(1− s0¯0¯)
)
R+ 3
√
γ
8κα2(1− s0¯0¯)
Ω˙Ω¨− 3
√
γ
16κ(1− s0¯0¯)2α2
Ω˙2s˙0¯0¯, (53)
{Φj , HA} = ΦiDjβi +Di(βiΦj) + ΦαDjα. (54)
Examining these expressions reveals two things: firstly,
from (54), we see that the secondary constraint DiΠij is
preserved since its evolution is proportional again to the
secondary constraints, which weakly vanish; second, the
lagrange multiplier v appears in the evolution equation
for the Φα constraint (53). This latter result is in contrast
to the previous example in section IV B, where v did not
even occur because there was no Φα constraint, and in
GR, v remains an undetermined Lagrange multiplier.
In this case, the standard procedure is to solve for v
from (53) by demanding that the equation weakly van-
ish. The first three terms vanish weakly by the prior sec-
ondary constraints, so this amounts to the v term can-
celling all remaining terms. As can be seen from this
equation, when solving for v, this requires dividing by
Ω˙2, which introduces a problematic denominator for v in
some of the terms. One would thus demand that solution
only include cases where Ω˙ 6= 0. Denoting the solution
of (53) with capital V , this would then be inserted back
into the Hamiltonian and the final form would be
HF =
∫
d3x(H0 + V (α, γij , βi,Πij , ...)Πα + ξiΠi
+ ζjΦj), (55)
where H0 (49) is evaluated with ∂iΩ = 0, and we have in-
dicated that V is now a function of the canonical variables
and the coefficients. We have added three additional La-
grange multipliers ζj for the secondary constraints Φj ≈
0. Note that, upon doing this, we end up with one of the
Hamilton’s equations specifying α˙ = V (α, γij , β,Π
ij , ...),
again in contrast to GR where α is pure gauge. The full
Hamilton’s equations for this case are lengthy and omit-
ted here, but it would be of interest in future work to
study these types of cases in more detail.
In the result, equation (55), we have 4 primary con-
straints (47) and (48), 4 secondary constraints (51) and
(52), and a total of 6 Lagrange multipliers ξj and ζj .
Note that the Lagrange multiplier v was solved for, and
so does not count as an undetermined Lagrange multi-
plier. Using the counting scheme in equation (43), for
this case we obtain 10− (1/2)(8)− (1/2)6 = 3 degrees of
freedom, one more than GR.
Another choice is to set s and s0¯0¯ to be constants.
This choice reduces the Hamiltonian to one where there
are scalings of GR terms, obtainable from (49) by setting
the Ω′, ∂iΩ terms to zero. Indeed it is this choice that
forms the starting point for the match of explicit breaking
models to the SME, as we discuss in Section VI B. For this
latter choice, the number of degrees of freedom reduces
to the GR result of 2.
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D. Addition of Matter
To apply the results above to physically relevant situa-
tions, we address the addition of the matter sector to the
Hamiltonian analysis. We assume here that the matter
sector does not couple to any coefficients for Lorentz vi-
olation and is minimally coupled to gravity. Depending
on the area of study, the description of matter could be
as basic as a perfect fluid or a set of scalar fields, or more
sophisticated with gauge fields and/or spinors. For this
work we shall leave this specification generic and com-
ment on how the matter sector feeds into the analysis
above.
First note that when performing variations of the mat-
ter action with respect to the spacetime metric gµν , we
have
(TM )
µν =
2√−g
δSM
δgµν
. (56)
Upon constructing the Hamiltonian for the matter sector,
we can use (56) and the 3+1 decomposition to show that
the following hold in space and time components:
δHM
δα
= α2
√
γ(TM )
00,
δHM
δβi
= −α√γ[(TM )00βi + (TM )0jγij ],
δHM
δγij
= − 12α
√
γ[(TM )
ij + βiβj(TM )
00 + 2(TM )
0(iβj)].
(57)
In the Dirac-Hamiltonian analysis, one checks the con-
sistency or evolution of the secondary constraints. If you
add the matter sector, minimally coupled to gravity, cer-
tain combinations of the terms in (57) are involved in
these calculations. For example, in the secondary con-
straints in (52), an extra term for the matter sector
−δHM/δβi is added, and its evolution is governed by
the expression{
δHM
δβi
, HA
}
=
δHM
δα
Diα+Dj
(
βj
δHM
δβj
)
+
δHM
δβj
(Diβj)− 2γkiDj δHM
δγjk
(58)
where HA is the augmented Hamiltonian including the
matter sector. Similar results hold for δH/δα.
V. COSMOLOGICAL SOLUTIONS
In this section we apply the Hamilton’s equations for
the case study 1 subset of the SME discussed in IV B to
search for solutions in a Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime [45]. We use the general
FLRW metric in spherical coordinates
ds2 = −dt2 +a2(t)
[ dr2
1− kr2 +r
2
(
dθ2 +sin2 θdφ2
)]
, (59)
where k = {−1, 0,+1} represents a closed, flat, and open
universe, respectively. For this metric, the lapse and shift
can be seen by comparison with (9) to be α = 1, βi = 0
and the acceleration vanishes ai = 0.
We proceed with evaluating Hamilton’s equations for
this case. Using the result γ˙ij = 2a˙γij/a, equations (27)
and (29) we can find the canonical momenta to be
Πij = −
√
γ
κ
(1− s00) a˙
a
γij +
√
γ
4κ
s˙00γ
ij ,
Πα = −3s00
κ
√
γ
a˙
a
, (60)
where
√
γ = a3r2 sin θ/
√
1− kr2. These results allow us
to establish that since Πij is proportional to γij , quan-
tities like ΠijΠij − 13Π2 will vanish. Indeed, evaluation
of the other set of Hamilton’s equations (37-39) for this
case yields
Π˙ij =
κ(1− s00)
6
√
γs200
γijΠ2α −
κ
3
√
γs00
Πα(Πγ
ij − 2Πij)
−
√
γ
2κ
Gij +
√
γ
2
(TM )
ij ,
Π˙α =
√
γ
2κ
R+ 8κ
3
√
γs00
ΠαΠ− κ
3
√
γs200
(7− 5s00) Π2α
− 1
2s00
Παs˙00 −√γ(TM )00, (61)
where we have used the matter couplings in (57) and
Gij is the three dimensional Einstein tensor. With the
choice of metric and βj = 0 the constraint equation (38)
is satisfied, as can be checked directly. Also, note that the
fact that α is dynamical in our model, and even though it
is fixed to unity, it still plays a role through the momenta
Πα.
For matter we use the usual perfect fluid model
for a homogeneous and isotropic universe, (TM )
µ
ν =
diag(−ρ, p, p, p), where ρ and p are the energy density
and pressure, respectively. They are related through the
equation of state p = wρ.
Combining (60) and (61), we obtain two equations:(
a˙
a
)2
(1− s00) = κρ
3
− k
a2
− s00 a¨
a
+
a˙
a
s˙00
2
,
(62)[
a¨
a
+
1
2
(
a˙
a
)2]
(1− s00) = −κp
2
− k
2a2
+
a˙
a
s˙00 +
1
4 s¨00,
(63)
which have been written to match the standard FLRW
equations of GR as closely as possible. Indeed one recov-
ers GR in the limit that s00 → 0. The modifications in-
clude terms with first and second time derivatives of s00,
scalings by 1− s00, and an extra a¨ term in the first equa-
tion. In principle, one could decouple the equations to
obtain one with only the acceleration a¨ and one with only
the Hubble factor a˙, in the standard Friedmann equation
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form. However, s00 is an, as yet unspecified function
associated with explicit breaking of the underlying sym-
metries in the action (1).
In order to understand the role of s00 in this con-
text more plainly, we examine the remaining conserva-
tion laws implied by the underlying action. These were
given in equation (4) and for this particular subset of
the SME, in equation (34). Eq. (4) must be satisfied for
consistency:
∇µ(Ts)µν = −κ∇µ(TM )µν . (64)
The ν = j component has already be satisfied by the
assumption in (36), and thus we can assume correspond-
ingly that part of the usual matter conservation law is
satisfied, ∇µ(TM )µj = 0. The Hamiltonian method did
not directly involve the ν = 0 component, so we must
ensure that it holds as well in the cosmological solutions
here.
After some computation, we obtain for the left-hand
side of (64),
∇µ(Ts)µ0 =
a¨
a
(
3
2 s˙00 + 6s00
a˙
a
)
+ 3s00
...
a
a
. (65)
For the matter part, we obtain
∇µ(TM )µ0 = −ρ˙− 3
a˙
a
(ρ+ p) . (66)
Consistency of these results, i.e., left-hand side equals
right-hand side, can be verified with the equations (62)
and (63) by solving for ρ and p and inserting the expres-
sions into (66), to recover (65).
We are now in a position to examine the consequences
of different choices for s00. Among the myriad of pos-
sible functional forms for s00, we study two cases here.
First, we look at the case where s00 is determined by
demanding that the matter stress-energy tensor by itself
is completely conserved and thus equation (66) vanishes.
Second, we look at a case when equation (66) does not
vanish, yet the total conservation law (64) holds.
A. FLRW Example 1
For the first case, we enforce the matter energy-
momentum conservation law. Note that if the matter
equations of motion are satisfied (“on shell”) this condi-
tion would necessarily hold. This condition implies that
∇µ(Ts)µ0 = 0 and thus the following expression must be
solved for s00:
− a¨
a
(
3
2 s˙00 + 6s00
a˙
a
)
= 3s00
...
a
a
. (67)
It turns out that an analytical solution for s00 given by
s00 =
ζ
a4a¨2
, (68)
solves this equation, where ζ is an arbitrary constant.
This solution has intriguing and yet pathological features.
Obviously, if the acceleration a¨ = 0, as it does in the past
for standard cosmological solutions, it diverges. Also, if
we could assume constant behavior for a¨, then the result
shows that the coefficient s00 would naturally decrease
with the expanding universe.
The next step to pursue the case just outlined would
be to insert the solution (68) back into the modified equa-
tions (62) and (63) and attempt to solve the resulting sys-
tem of equations for a(t) for different choices of sources
ρ and p. However, one finds that the resulting equations
have up to 4th order time derivatives in them, if they are
solved with no approximations made. Furthermore, it is
challenging to approach the equations from a perturba-
tive point of view, where the dimensionless s00 is “small”
compared to unity, as can be seem from plugging in a
GR solution into (68): again when a¨ approaching zero,
this grows large and conflicts with perturbation theory.
In this work, we do not pursue this solution further, and
leave it as an open problem to explore.
B. FLRW Example 2
We now turn to the case where we do not impose the
vanishing of ∇µ(Ts)µ0. The coefficient s00 remains arbi-
trary and so for this work we examine the simplest case
of a constant coefficient, s˙00 = 0. As a consequence of
this choice, the matter conservation law gets modified
and matter exhibits a modified cosmological evolution in
the presence of s00 6= 0. First we write the Friedmann
equations for this case as(
a˙
a
)2
=
κρ
3(1− 32s00)
− k
a2(1− s00)
+
κps00
(2− 3s00)(1− s00) ,
a¨
a
= − κ(ρ+ 3p)
6(1− 32s00)
. (69)
These results contains various scalings of the usual GR
terms but also a nonstandard appearance of the pressure
in the first equation.
Using (69) and (66) we obtain the modified conserva-
tion law, or continuity equation, as
ρ˙+ 3
a˙
a
f(w, s00)ρ = 0, (70)
where we have introduced the auxiliary equation
f(w, s00) as
f(w, s00) =
2(1 + w − s00)
2 + s00(3w − 2) , (71)
which reduces to the proper GR limit, where f → 1 as
s00 → 0. We integrate the modified continuity equation
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to find that
ρ = ρ0
(
a
a0
)−3f(w,s00)
, (72)
where a0 is the present value of the scale factor. For mat-
ter as a dust w = 0 and f = 1 so there is no modification
to the cosmological evolution ρ ∼ a−3. However, for ra-
diation w = 1/3 and the cosmological constant w = −1,
the evolution equation is modified, as occurs in other
modifications to GR [53, 54].
This leads to interesting type-dependent evolution of
the different cosmological fluids. We can put together a
Friedmann equations, paralleling the usual methods, by
using dimensionless density parameters Ωn. We divide
the first of equations (69) by the square of the present
value of the Hubble constant H20 = a˙
2
0/a
2
0 and use the
evolution equation (72). The result can be written
H2
H20
= Ωm0a
−3 + Ωr0a−4ηr + ΩΛ0aηΛ + Ωk0a−2, (73)
where H = a˙/a, ηr = (1 − 34s00)/(1 − 12s00), and ηΛ =
3s00/(1− 52s00). Note that matter (m) and curvature (k)
behave normally while radiation (r) and the cosmological
constant (Λ) differ from GR. The density parameters here
can be found for each universe constituent from
Ω =
κρ
3H2(1− 32s00)
2 + (3w − 2)s00
2(1− s00) , (74)
and for curvature Ωk = −k/[H2(1 − s00)]. Note that
scalings by s00 have been absorbed into the definitions
of the Ω values, and the density parameters in (73) are
evaluated at the present epoch t0.
Next we examine the acceleration equation for this
case. Using the same density parameters, the second of
equations (69) can be written
a¨
aH20
= − 12Ωm0a−3 − Ωr0
2(1− s00)
2− s00 a
−4ηr
+ΩΛ0
2(1− s00)
2− 5s00 a
ηΛ . (75)
Here we can see that the scalings appearing cannot be
completely removed by re-defining constants.
Equation (75) gives us the deceleration parameter, q ≡
−(a¨/a)H−2, which we can attempt to use to find a crude
constraint on s00. Since the value of q at the present
epoch (t = t0) needs to be negative in order to match
the observed accelerated expansion we can conservatively
write the inequality
− 12Ωm0 − Ωr0
2(1− s00)
2− s00 + ΩΛ0
2(1− s00)
2− 5s00 > 0. (76)
Other than showing that s00 is less than order unity, this
result is not particularly useful for placing constraints,
since it is challenging to disentangle the density param-
eters from the s00 coefficient. Thus a complete analy-
sis using cosmological data [55] should be attempted in
the future. To display what the effects of the modified
evolution would look like, we solve the first Friedmann
equation in (73) and plot in Figure 2.
FIG. 2. Evolution of the scale factor for the constant s00
case of the flat FLRW solutions compared to GR, assuming
Ωr0 = 0, Ωm0 = 0.31, and ΩΛ0 = 0.69. The dashed vertical
line represents the present day.
VI. CONNECTION TO MODELS AND
FRAMEWORKS
The SME is a test framework and as such, any action-
based model that describes coordinate-independent
Lorentz violation, should in principle be contained in
some subset of terms. In practice, this can be challeng-
ing when certain assumptions are made in the SME to
afford tractable phenomenological analysis [13, 31], while
these assumptions can differ from those made in specific
models. We show here first how the results in this paper
match to prior work in linearized gravity, and then we
find a match to models formulated in the 3+1 formalism.
A. Quadratic SME gravity sector
In references Ref. [13, 14, 16, 17], results in the lin-
earized gravity limit have been developed. In particu-
lar, a classification of all possible Lorentz-breaking La-
grangian terms at quadratic order in the metric fluctua-
tions hµν around a flat background has been performed.
Such terms take form L ∼ hµνKˆµνρσhρσ and much phe-
nomenological analysis already exists, including results
at leading order in the coefficients in propagation stud-
ies. In linearized gravity, diffeomorphism invariance can
be described using the gauge transformation of the met-
ric fluctuations hµν → hµν−∂µξν−∂νξµ. The analysis of
the quadratic action terms includes both gauge symme-
try breaking, and gauge symmetric terms, though scant
phenomenological attention has been put on the former.
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We seek here to match the explicit breaking limit of the
SME that we have used in this work to a subset of these
terms in the weak field limit. This will illuminate how
results in this work may match to those previously ob-
tained. Curiously, the SME Lagrangian with u, sµν , and
tαβγδ terms can be shown to have both gauge-breaking
and gauge-symmetric terms in the quadratic action limit
when taken in the explicit breaking limit. Furthermore,
one can trace the occurrence of dynamical pieces of the
metric fluctuations hµν that are non-dynamical in GR
and in gauge-symmetric models. To see this we first ex-
amine the contributions of the sµν-type term only:
Ls =
√−g
2κ
sµνR
µν
=
√−g
2κ
(
sµνG
µν +
1
2
sλλR
)
, (77)
where no linear approximations have yet been made.
Next we assume a weak-field expansion around a flat
background for both the metric and sµν :
gαβ = ηαβ + hαβ ,
sαβ = sαβ + s˜αβ . (78)
We keep fluctuations for sαβ for generality at this point
and we will assume that the partial derivatives of sµν
vanish. The Lagrange density (77) is then expanded in
the quadratic action limit (keeping terms of order h2, hs˜,
s˜2 and discarding total derivatives). It can be then be
written as
Ls ≈ 1
2κ
[
(1 + 12h)sαβG
αβ + s˜αβ(GL)
αβ
+ 12 (1 +
1
2h)η
µνsµνR+
1
2 (η
µν s˜µν − hµνsµν)RL
]
,
(79)
where curvature terms with the subscript L are lin-
earized, and those without are taken to quadratic order.
It turns out that the first term on the first line of (79) by
itself reproduces the gauge invariant contribution to the
SME quadratic action expansion for the sµν term,
1
2κ
(1 + 12h)sαβG
αβ =
1
4κ
sαβhγδGαγβδ, (80)
where Gαγβδ is the linearized double dual curvature ten-
sor [56]. Thus, if we take the explicit-breaking limit by
discarding the fluctuations s˜µν entirely, we end up with
the sum of the gauge invariant quadratic action terms
and gauge-violating terms.
To summarize so far: in the quadratic action limit
Ls,explicit = 1
4κ
(
sαβhγδGαγβδ − hµνsµνRL
)
, (81)
where the second term is explicitly gauge-violating and
can be matched to the general expansion of Ref. [17],
and we have discarded the trace ηµνsµν term that merely
scales GR. Among the gauge-violating terms in [17], at
mass dimension 4, there are two types of terms which are
relevant for the second term in (81). They are contained
in the general expansion in Table 1 of [17]:
hµνKˆµνρσhρσ ⊃ hµν(s(4,1)µρνσαβ + k(4,1)µρνσαβ)∂α∂βhρσ,
(82)
where the µρνσ indices are totally symmetric in the s4,1
coefficients and of Riemann tensor symmetry [µρ][νσ] for
the k4,1 coefficients. The match to these terms for the
present case can be obtained using the form
hµνsµνRL =
1
2
hµν(s
µνKˆρσ + sρσKˆµν)hρσ, (83)
where Kˆµν = ∂µ∂ν − ηµν∂λ∂λ. To complete the match
one has to take the appropriate symmetric and antisym-
metric combinations of the quantity in parentheses in
(83).
Finally, we note that the fact that the terms studied
in this paper correspond to the gauge-violating limit of
the SME quadratic expansion explains, in part, why ad-
ditional degrees of freedom beyond GR are found, as in
Section IV B. For instance, because of the symmetries of
the operator Kˆµνρσ for gauge-symmetric terms, it can be
shown that no time derivatives of h00 appear when the
Lagrange density is written in the first-order derivative
form ∼ ∂hK∂h. Any such terms would correspond to
time derivatives of the lapse function α via α ≈ 1+h00/2
in the weak-field limit. For gauge-violating terms, as in
equation (83), such terms can appear because the sym-
metries of the operators Kˆµνρσ allow for them, as they are
less restrictive. In the case of s00 being the only nonzero
coefficient we have
Ls ⊃ 1
4κ
s00[∂0h00(∂0hjj − 12∂jhj0) + ...] (84)
Despite this interesting feature there are likely severe
constraints on any such models via the traced Bianchi
identities, even in the linearized gravity limit. For ex-
ample, for the case (81), the field equations from the
first term are gauge invariant and automatically satisfy
the traced Bianchi identities. The second term however,
would yield a constraint in the presence of matter given
by
1
2
∂µ(s
µνRL) = κ∂µ(TM )
µν . (85)
Thus one either has a Ricci flat restriction which is chal-
lenging to reconcile in the presence of matter, or one has
a modified conservation law for matter, or one must re-
ject such cases (“no-go”). We showed in Section V that
modified behaviour of matter may be an acceptable so-
lution in some cases, like cosmology.
B. Match to 3+1 models
Matches of specific models of Lorentz violation to the
SME has been accomplished in the gravitational sector
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for a variety of models including those with dynami-
cal vectors and tensors, noncommutative geometry, and
massive gravity models [37]. Among the proposals for
renormalizable quantum gravity is the approach known
as Horˇava gravity [57]. Since this model is based on a
3+1 formalism we should be able to match it the SME in
the present work. We shall focus on a simpler version of
this model where the action is written in the 3+1 form:
LH = α√γ(KijKij − λK2 + ξR+ ηaiai + . . .) (86)
where the ellipses includes possible higher order spatial
derivative terms and the matter sector [58, 59]. (For sim-
plicity in the remainder of this section we set the coupling
2κ = 1.)
Note that the insertion of a parameter in front of the
terms that occur in GR is akin to early kinematic ap-
proaches of tests of special relativity and dressed-metric
based approaches for tests of GR [62]. That approach
seems somewhat ad-hoc from the SME point of view,
since the SME is based on observer covariant terms added
to the action with coefficients with indices. Nonetheless,
we can possibly accommodate these terms with certain
components of the SME coefficients in a particular coor-
dinate system, as has been done for other models [60].
Eq. (86) above takes a rotationally isotropic form. If we
proceed with the sµνR
µν coupling in the isotropic limit
presented in IV C, assuming the coefficients are constant
in time and space, we obtain
L2 = α√γ
[
R (1 + 13s)+ (KijKij −K2) (1− s0¯0¯)].
Note that in the isotropic limit the combination KijKij−
K2 cannot be broken apart with an sµν-type term alone;
however, in the conception of the SME as a limit of spon-
taneous symmetry breaking we have the freedom to add
dynamical terms to the action. For example, for the
sµν coefficients we can add general dynamical terms [22],
which are included in the Appendix VIII C, to match
(86).
We take first the case where s0¯0¯ = 0 in (87) and add the
terms labelled 5 and 12 in the Appendix with a distinct
set of coefficients that we denote with a capital Sµν . This
yields
LSME,Match = α√γ
[R (1 + 13s)+KijKij −K2
+a5
1
2 (∇µSµλ)(∇νSνλ)
+a12(S
µν∇µSνλ)(Sκρ∇κS λρ )
]
. (87)
We next assume for the last two would-be dynamical
terms that the only nonzero coefficient in the local frame
is S0¯0¯ = 1 - note the precise value of the coefficient
needed. Using the vierbein (19) one can show that this is
equivalent to Sµν = nµnν . This kind of choice has been
used to match Horˇava gravity to vector models of spon-
taneous Lorentz-symmetry breaking [61]. With these as-
sumptions we arrive at
LSME,Match = α√γ
[R (1 + 13s)+KijKij
−K2(1 + 12a5) +
(
a12 +
1
2a5
)
aiai
]
.
(88)
It is now clear that if we make the following choice,
λ = 1 + a5/2, ξ = 1 + s/3, and η = a12 + a5/2, then
Horˇava gravity in the form (86) can be matched to this
limit of the SME. Note that the extra terms added to
the SME are of second order in Sµν . Finally, while we
do not discuss it here, matter couplings proposed in the
literature have also been matched to the matter sector of
the SME in Ref. [37].
VII. DISCUSSION & CONCLUSION
In this work, we have taken initial steps towards ex-
ploring the SME effective field theory framework descrip-
tion of local Lorentz and diffeomorphism breaking in the
areas of the 3+1 formalism, Dirac-Hamilton analysis of
the dynamics, and cosmology. We have examined con-
sequences of adopting the explicit symmetry breaking
paradigm, which is complementary to existing work as-
suming spontaneous symmetry breaking. Furthermore,
we have established results without using the weak-field
gravity approximation.
The key results of this work include a 3+1 decompo-
sition of the SME gravity sector actions in Section III B,
including a general analysis of the time derivative terms
that occur, relevant for Hamiltonian analysis. We stud-
ied two example subsets of the SME using the Dirac-
Hamiltonian analysis in Section IV. The results of one
of these cases, the Hamilton’s equations in (37-42), were
studied for FLRW cosmological solutions in Section V,
where some novel cosmological evolution was found. Fur-
ther analysis for other strong-field gravity solutions can
be the subject of future work, for instance black hole
spacetimes or other exotic solutions [64]. We also es-
tablished a link between the explicit breaking terms in
this work and existing SME studies in linearized gravity
and we further elucidated the match to Horˇava gravity
in Section VI.
A set of Hamilton’s equations like those found in Sec-
tion IV for a subset of the SME can be used to study
the initial value formulation, and develop numerical tech-
niques to simulate Lorentz-breaking effects on strong-
field gravitational systems [63]. Results in this paper can
also be applied to a 3+1 and Dirac-Hamiltonian analysis
of spontaneous-symmetry breaking scenarios, for exam-
ple by using the second order sµν terms in (99).
One of the notable results of this work is the identifi-
cation of subsets of the SME, whereupon in the explicit
breaking limit, extra degrees of freedom, normally gauge
in GR, occur in the Hamiltonian analysis. In light of this,
it would be of interest to investigate approaches to quan-
tum gravity [44] and the role of the “problem of time” in
the SME framework [66].
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As a preview of this, we note that the cosmological
solutions in Section V can be obtained from an effective
classical Hamiltonian for homogeneous spacetimes with
the variables a(t), α(t), their conjugate momenta pa and
pα, and matter variables. This takes the form, for van-
ishing curvature and up to scalings,
H =
κα5(α2 − s00)p2α
3a3s200
− κα
4pαpa
3a2s00
+HM , (89)
with matter Hamiltonian HM . This would modify the
widely-studied Wheeler-deWitt equation [65], for which
α is nondynamical and a p2a term is present instead. In-
deed, since the usual Hamiltonian constraint is absent
in this model, the wave function Ψ = Ψ(a, α, ..., t) would
depend on time t and evolve according to the Schro¨dinger
equation i∂tΨ = HΨ. We expect this could offer a new
area of exploration in quantum cosmology, and will be
studied in future work.
VIII. APPENDIX
A. 3+1 formalism
In the 3+1 formalism we can express projections of the
curvature tensors in terms of the timelike normal to the
spatial hypersurfaces nµ, the projector γµν , the extrinsic
curvature Kµν , spatial covariant derivative Dµ, the Lie
derivative along the normal vector Ln, the acceleration
aµ, and the 3 dimensional curvature tensor Rαβγδ. This
decomposition is standard in the literature [43, 45], but
for completeness we record here some useful results that
can be derived from existing published ones. First, the
basic relations for the 3+1 projections of the 4 dimen-
sional curvature tensor are given by
γαµγ
β
νγ
γ
κγ
δ
λRαβγδ = Rµνκλ +KµκKνλ −KµλKνκ,
γαµγ
β
νγ
γ
κn
δRαβγδ = DνKµκ −DµKνκ,
γβµγ
δ
νn
αnγRαβγδ = LnKµν + 1
α
DµDνα+KβµKνβ .
(90)
From these, by taking contractions, we have the following
decomposition of the four-dimensional curvature Ricci
tensor:
Rµν = Rµν + nµKναaα + nνKµαaα +KKµν − LnKµν
+2KαµKνα − aµaν −Dµaν − nµDνK − nνDµK
+nµDαKαν + nνDαKαµ
+nµnν
(LnK −KαβKαβ + a2 +Dαaα) (91)
It is also useful to have a form for the curvature ten-
sors which includes total spacetime covariant derivatives
rather than Lie derivatives and spatial covariant deriva-
tives. Using the definitions and properties of spatial co-
variant derivatives and Lie derivatives, Eqs ((90)) can be
manipulated to the following forms:
R = R+KαβKαβ −K2 − 2∇α(nαK + aα),
Rαβ = Rαβ − 2KαβK + 2KαδKδβ − nαaβK
+nαKβδa
δ − nαnβ(K2 −KαβKαβ)
+∇δ[nαnβ(nδK + aδ)− nδKαβ − γδβaα
−(nαγβδ + nβγαδ)K + nαKβδ + nβKαδ],
Rαβγδ = Rαβγδ − 3(KαγKβδ −KβγKαδ)
+(KαKγn
βnδ + sym)− (KαγnβnδK + sym)
−(Kαγn(βaδ) + sym)
+∇
[
n(Kαγnβnδ + sym)
+ (γ(αaγ)nβnδ + sym)
− 2(Kαγn(βγδ) + sym)] (92)
where in the last equation, “sym” refers to the Riemann
symmetric combination of terms. For instance, for two
symmetric tensors AαγBβδ+sym = AαγBβδ−AβγBαδ−
AαδBβγ +AβδBαγ .
Results using the explicit form for the metric (9) are
used throughout this paper, and some key expressions
are collected here. The three-dimensional connection co-
efficients are given explicitly in terms of the metric γij :
(3)Γijk =
1
2
γil(∂jγkl + ∂kγjl − ∂lγjk), (93)
where γil is the inverse of the 3 metric and satisfies
γilγlk = δ
i
k. The components of the spatial covariant
derivative acting on an arbitrary covariant vector vµ are
given by
D0v0 = βiβj(∂ivj −(3) Γkijvk + nµvµKij),
D0vi = βj(∂jvi −(3) Γkijvk + nµvµKij),
Div0 = βj(∂ivj −(3) Γkijvk + nµvµKij),
Divj = ∂ivj −(3) Γkijvk + nµvµKij , (94)
where nµvµ = (1/α)(v0 − βivi).
B. Poisson Bracket analysis
In this subsection we collect some key results on Pois-
son brackets in field theory for the Dirac-Hamiltonian
analysis that we use in the paper. Some results can
be found in various places in the literature [27, 46] but
some subtleties arise in the calculations and it is useful
to record them explicitly here. Firstly, for fields qn(t, ~r),
momenta pn(t, ~r), and functions of the fields and mo-
menta f(q, p) and g(q, p), the Poisson bracket definition
is formally
{f, g} =
∫
d3z
(
δf
δqn(t, ~z)
δg
δpn(t, ~z)
− δf
δpn(t, ~z)
δg
δqn(t, ~z)
)
,
(95)
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where f and g may depend on different spatial points via
their dependence on the fields and momenta. Note also
the equal times for all the fields. As an example, if we
examine a single scalar field and let qn = φ(t, ~r) and the
conjugate momenta Π = Π(t, ~r′), then we obtain:
{φ(t, ~r),Π(t, ~r′)} = δ3(~r − ~r′). (96)
In classical mechanics, the functions f and g are alge-
braic functions of the coordinates and momenta. In field
theory however, one often one encounters spatial deriva-
tives in the calculations of Hamilton evolution via Pois-
son Brackets. Generically, for a partial spatial derivative
∂i of a function f of the canonical variables, its Poisson
bracket with another function g can be shown to obey
{∂if, g} = ∂i{f, g}, (97)
where the derivative acts on the space dependence xj of
the result of the bracket of f and g. This result can be
extended to covariant spatial derivatives. For example,
for the quantity which occurs in GR and the SME for
the momentum constraint DiΠik, and its Poisson bracket
with the Hamiltonian H, using (95) and (97) we find
{γklDiΠil, H} = {γkl, H}DiΠil + γklDi{Πil, H}
+ΠijDi{γjk, H} − 1
2
ΠjlDk{γjl, H}.
(98)
It is important to note that we used the fact that Πij
is a 3 dimensional tensor density of weight −1 and that
the spatial covariant derivative has a dependence on the
spatial metric γij , resulting in the last two terms.
C. Dynamical terms
The following terms generalize gravitational couplings
to curvature for the SME for the sµν term with scalar
coupling parameters an:
Ls,dyn =
√−g
[
a1s
λ
λR+ a2sµνR
µν
+a3
1
2 (∇µsνλ)(∇µsµλ) + a4 12 (∇µsµλ)(∇λsββ)
+a5
1
2 (∇µsµλ)(∇νsνλ) + a6 12 (∇µsνν)(∇µsλλ)
+a7sµνsκλR
µνκλ + a8sµνs
µ
λR
µλ
+a9s
λ
λsµνR
µν + a10s
µνsµνR+ a11s
λ
λs
µ
µR.
]
(99)
The first two terms are just the originally proposed SME
couplings, linear in the coefficients sµν . The remaining
terms are second order in the coefficients sµν [22]. Since
sµν are dimensionless and normally assumed small com-
pared to unity, these terms represent a step beyond the
minimal SME, which normally assumes first order terms
in the coefficients, and they are a special case of the terms
outlined in Ref. [23].
Many of these terms for a symmetric two-tensor have
been proposed in modified gravity models in the litera-
ture in different contexts [62]. Also, other possible terms
are omitted due to equivalence via integration by parts.
For example,
0 =
∫
d4x
√−g(∇γsαβ∇βsαγ −∇βs βα ∇γsαγ
− sαβsγδRαδβγ + sαδsαβRδβ
)
. (100)
Note also that one can add general potential terms for a
symmetric two-tensor of the form V (s µµ , sµνs
µν , . . .) for
the case of spontaneous symmetry breaking, as detailed
elsewhere [35]. In the particular case of the match to 3+1
models in section VI B, the possibility exists of using a
term quartic in the coefficients sµν :
∆Ls = a12
√−g(sµν∇µsνλ)(sκρ∇κs λρ ). (101)
An analysis of these and other possible dynamical terms
in the SME is forthcoming.
ACKNOWLEDGMENTS
We thank R. Bluhm, Y. Bonder, M. Seifert, V. Svens-
son, and A. Miroszewski for valuable discussions.
The contributions of Q.G.B. and K.O.A. were sup-
ported in part by the National Science Foundation under
grant no. 1806871. N.A.N. was supported by the Na-
tional Centre for Nuclear Research.
[1] V.A. Kostelecky´ and S. Samuel, Phys. Rev. D 39, 683
(1989); V.A. Kostelecky´ and R. Potting, Phys. Rev. D
51, 3923 (1995).
[2] C.M. Will, Living Rev. Rel. 17, 4 (2014); J.D. Tasson,
Rept. Prog. Phys. 77, 062901 (2014); J. Tasson, Symme-
try 8, 111 (2016); A. Hees et al., Universe 2, 30 (2016);
17
Fundam. Theor. Phys. 196, 317 (2019).
[3] D. Colladay and V.A. Kostelecky´, Phys. Rev. D 55, 6760
(1997); Phys. Rev. D 58, 116002 (1998).
[4] V.A. Kostelecky´, Phys. Rev. D 69, 105009 (2004).
[5] Data Tables for Lorentz and CPT Violation, V.A. Kost-
elecky´ and N. Russell, 2020 edition, arXiv:0801.0287v13.
[6] J.C. Long and V.A. Kostelecky´, Phys. Rev. D 91, 092003
(2015); C.G. Shao et al., Phys. Rev. D 91, 102007 (2015);
Phys. Rev. Lett. 117, 071102 (2016); Phys. Rev. Lett.
122, 011102 (2019).
[7] H. Mu¨ller et al., Phys. Rev. Lett. 100, 031101 (2008); K.-
Y. Chung et al., Phys. Rev. D 80, 016002 (2009); N.A.
Flowers et al., Phys. Rev. Lett. 119, 201101 (2017); C.-
G. Shao et al., Phys. Rev. D 97, 024019 (2018).
[8] L. Iorio, Class. Quant. Grav. 29, 175007 (2012); A. Hees
et al., Phys. Rev. D 92, 064049 (2015);H. Pihan-le Bars
et al., Phys. Rev. Lett. 123, 231102 (2019).
[9] A. Bourgoin et al., Phys. Rev. Lett. 117, 24130 (2016);
Phys. Rev. Lett. 119, 201102 (2017).
[10] L. Shao, Phys. Rev. Lett. 112, 111103 (2014); Phys. Rev.
D 90, 122009 (2014); L. Shao and Q.G. Bailey, Phys. Rev.
D 98, 084049 (2018); Phys. Rev. D 99, 084017 (2019).
[11] B.P. Abbott et al., Astrophys. J. 848, L13 (2017); M.
Mewes, Phys. Rev. D 99, 104062 (2019); K. Ault-O’Neal
et al., in CPT and Lorentz Symmetry VIII, R. Lehnert,
ed. (World Scientific, Singapore, in press); L. Shao, Phys.
Rev. D 101, 104019 (2020).
[12] A.N. Ivanov et al., Phys. Lett. B 797, 134819 (2019).
[13] Q.G. Bailey and V.A. Kostelecky´, Phys. Rev. D 74,
045001 (2006).
[14] Q.G. Bailey, Phys. Rev. D 80, 044004 (2009); Phys. Rev.
D 82, 065012 (2010); V.A. Kostelecky´ and J. Tasson,
Phys. Rev. Lett. 102, 010402 (2009); V.A. Kostelecky´
and J.D. Tasson, Phys. Rev. D 83, 016013 (2011); R. Tso
and Q.G. Bailey, Phys. Rev. D 84, 085025 (2011); Q.G.
Bailey et al., Phys. Rev. D 88, 102001 (2013); V.A. Kost-
elecky´ and J.D. Tasson, Phys. Lett. B 749, 551 (2015);
Q.G. Bailey and D. Havert, Phys. Rev. D 96, 064035
(2017); V.A. Kostelecky´ and M. Mewes, Phys. Lett. B
766, 137 (2017);R. Xui, Symmetry 11, 1318 (2019);S.
Moseley et al., Phys. Rev. D 100, 064031 (2019);R. Xui
et al., Phys. Lett. B 803, 135283 (2020).
[15] Q.G. Bailey et al., Phys. Rev. D 91, 022006 (2015).
[16] V.A. Kostelecky´ and M. Mewes, Phys. Lett. B 757, 510
(2016).
[17] V.A. Kostelecky´ and M. Mewes, Phys. Lett. B 779, 136
(2018).
[18] Y. Bonder, Phys. Rev. D 91, 125002 (2015).
[19] Y. Bonder, Symmetry 10, 433 (2018); Y. Bonder and G.
Leon, Phys. Rev. D 96, 044036 (2017); Y. Bonder and
C. Peterson, Phys. Rev. D 101, 064056 (2020).
[20] Q.G. Bailey, Phys. Rev. D 94, 065029 (2016).
[21] N.A. Nilsson et al., in CPT and Lorentz Symmetry VIII,
R. Lehnert, ed. (World Scientific, Singapore, in press),
arXiv:1905.10414.
[22] Q.G. Bailey, in CPT and Lorentz Symmetry VIII, R.
Lehnert, ed. (World Scientific, Singapore, in press),
arXiv: 1906.08657.
[23] V.A. Kostelecky´ and Z. Li, arXiv:2008.12206.
[24] P.A.M. Dirac, Proc. R. Soc. Lond. A 246, 333 (1958);
Lectures on Quantum Mechanics, Belfer Graduate School
of Science (Yeshiva University, New York, 1964).
[25] R. Bluhm et al., Phys. Rev. D 77, 125007 (2008).
[26] C.A. Hernaski, Phys. Rev. D 90, 124036 (2014).
[27] M. Seifert, Phys. Rev. D 99, 045003 (2019).
[28] M. Seifert, Phys. Rev. D 100, 065017 (2019).
[29] W. Donnelly and T. Jacobson, Phys. Rev. D 84, 104019
(2011).
[30] V.A. Kostelecky´ and S. Samuel, Phys. Rev. Lett. 63, 224
(1989); Phys. Rev. D 40, 1886 (1989).
[31] M. Seifert, Phys. Rev. D 79, 124012 (2009).
[32] T. Jacobson and D. Mattingly, Phys. Rev. D 64, 024028
(2001); S.M. Carroll and E.A. Lim, Phys. Rev. D 70,
123525 (2004); V.A. Kostelecky´ and R. Potting, Gen.
Rel. Grav. 37, 1675 (2005); S.M. Carroll et al., Phys.
Rev. D 79, 065011 (2009); B. Altschul et al., Phys. Rev.
D 81, 065028 (2010); M. Seifert, Phys. Rev. Lett. 105,
201601 (2010);N. Yunes et al., Phys. Rev. D 94, 084002
(2016); C.A. Hernaski, Phys. Rev. D 94, 105004 (2016);
E. Berti et al., Gen. Rel. Grav. 50, 46 (2018); R. Casana
et al., Phys. Rev. D 97, 104001 (2018); M. Seifert, Sym-
metry 10, 490 (2018); C. Ding et al., Eur. Phys. J. C
80, 178 (2020); Z. Li and A. O¨vgu¨n, Phys. Rev. D 101,
024040 (2020); A. Eichhorn et al., Phys. Rev. D 102,
026007 (2020).
[33] R. Bluhm and V.A. Kostelecky´, Phys. Rev. D 71, 065008
(2005).
[34] R. Bluhm, S.-H. Fung, and V.A. Kostelecky´, Phys. Rev.
D 77, 065020 (2008).
[35] V.A. Kostelecky´ and R. Potting, Phys. Rev. D 79, 065018
(2009).
[36] M. Seifert, Class. Quant. Grav. 37, 065022 (2020).
[37] R. Bluhm et al., Phys. Rev. D, 100, 084022 (2019).
[38] R. Gambini and J. Pullin, Phys. Rev. D 59, 124021
(1999).
[39] V.A. Kostelecky´ and M. Mewes, Phys. Rev. D 80, 015020
(2009).
[40] S.M. Carroll et al., Phys. Rev. Lett. 87, 141601 (2001);
Q.G. Bailey and C.D. Lane, Symmetry 10, 480 (2018).
[41] R. Bluhm, Phys. Rev. D 91, 065034 (2015); Symmetry
9, 230 (2017); R. Bluhm and A. Sehic, Phys. Rev. D 94,
104034 (2016).
[42] V.A. Kostelecky´, Phys. Lett. B 701 137 (2011), D. Colla-
day and P. McDonald, Phys. Rev. D 92, 085031 (2015);
N. Russell, Phys. Rev. D 91, 045008 (2015); M. Schreck,
Phys. Rev. D 91, 105001 (2015); C. La¨mmerzahl, V. Per-
lick, Int. J. Geom. Meth. Mod. Phys. 15, 1850166 (2018);
B.R. Edwards and V.A. Kostelecky´, Phys. Lett. B 786,
319 (2018); M. Schreck, Phys. Lett. B 793, 70 (2019); M.
Hohmann et al., Universe 6, 65 (2020).
[43] R. Arnowitt et al., Phys. Rev. 116, 1322 (1959).
[44] B.S. DeWitt, Phys. Rev. 160, 1113 (1967).
[45] C.S. Misner et al., Gravitation (W.H. Freeman and Com-
pany, New York, 1973).
[46] M. Bojowald, Canonical Gravity and Applications, (Cam-
bridge University Press, 2011).
[47] M.V. Ostrogradski, Mem. Acad. Imp. Sci. St.-
Petersbourg 4, 385 (1850); D.A. Eliezer, Nucl. Phys.
B 325, 389 (1989); J.Z. simon, Phys. Rev. D 41, 3720
(1990).
[48] T.W. Baumgarte and S.L. Shapiro, Numerical Relativity
(Cambridge University Press, 2010).
[49] D. Colladay in CPT and Lorentz Symmetry VIII, R.
Lehnert, ed. (World Scientific, Singapore, in press),
arXiv: 1911.02542.
[50] I.A. Nikolic´, Phys. Rev. D 30, 2508 (1994);
[51] D. Nandi and S. Shankaranarayanan, JCAP 1508, 050
18
(2015); JCAP 2016, 038 (2016).
[52] J.A. Isenberg and J.M. Nester, Annals of Phys. 107, 56
(1977).
[53] M. Gasperini, Phys. Lett. 163B, 84 (1985).
[54] V. Salvatelli et al., Phys. Rev. Lett. 113, (2014); J.S.
Peracaula et al., EPL 121, 39001 (2018).
[55] N.A. Nilsson and E. Czuchry, Phys. Dark Univ. 23,
100253 (2019).
[56] Q.G. Bailey in CPT and Lorentz Symmetry VI, V.A.
Kostelecky´, ed. (World Scientific, Singapore, 2013),
arXiv: 1309.4479.
[57] P. Horˇava, Phys. Rev. D 79, 084008 (2009); A. Wang,
Int. J. Mod. Phys. D 26, 1730014 (2017).
[58] D. Blas et al., Phys. Rev. Lett. 104, 181302 (2010).
[59] N. Frusciante, Phys. Dark Univ. 13, 7 (2016).
[60] V.A. Kostelecky´ and M. Mewes, Phys. Rev. D 66, 056005
(2002); Phys. Rev. D 88, 096006 (2013).
[61] T. Jacobson, Phys. Rev. D 81, 101502 (2010); Phys. Rev.
D 89, 081501(R) (2014).
[62] C.M. Will, Theory and Experiment in Gravitational
Physics, 2nd Edition (Cambridge University Press, Cam-
bridge, England, 2018).
[63] E. Gourgoulhon, Astron. Astrophys. 252, 651 (1991);
J.V. Romero et al., Astrophys. J. 462, 839 (1996).
[64] G.U. Varieschi and K.L. Ault, Int. J. Mod. Phys. D 25,
1650064 (2016); W.D.R. Jesus and A.F. Santos, Int. J.
Mod. Phys. A bf 35, 2050050 (2020).
[65] J.J. Halliwell, arXiv:0909.2566; M. Bojowald, Rep. Prog.
Phys. 78, 023901 (2015).
[66] E. Anderson in Classical and Quantum Gravity: Theory,
Analysis and Applications, V.R. Frignanni, ed. (Nova,
New York 2012), arXiv:1009.2157; P. Makiewicz and A.
Miroszewski, Phys. Rev. D 96, 046003 (2017).
